Abstract. Given a stable semistar operation of finite type ⋆ on an integral domain D, we show that it is possible to define in a canonical way a stable semistar operation of finite type [⋆] 
Let R be an overring of an integral domain D, let ι : D ֒→ R be the canonical embedding and let ⋆ be a semistar operation on D. We denote by ⋆ ι the semistar operation on R defined by E ⋆ι := E ⋆ , for each E ∈ F (R) (⊆ F (D)). It is not difficult to see that if ⋆ is a semistar operation of finite type (resp., a stable semistar operation) on D then ⋆ ι is a semistar operation of finite type (resp., a stable semistar operation) on R (cf. for instance [11, Proposition 2.8] and [24, Propositions 2.11 and 2.13]).
A different approach to the stable semistar operation is possible by using the notion of localizing system [7] . Recall that a localizing system of ideals F of D is a set of (integral) ideals of D verifying the following conditions (a) if I ∈ F and if I ⊆ J, then J ∈ F; (b) if I ∈ F and if J is an ideal of D such that (J : D iD) ∈ F, for each i ∈ I, then J ∈ F. To avoid uninteresting cases, we assue that F is nontrivial, i.e., F is not empty and (0) ∈ F.
The localizing systems, and the equivalent notions of Gabriel topologies (or, topologizing systems) and hereditary torsion theories, were introduced in the 60's of the last century for the purpose of extending to non-commutative rings the theory of localization and for characterizing, from an ideal-theoretic point of view, the topologies associated to the hereditary torsion theories (cf. [13] , [1, Ch. II, §2, Exercises 17-25, p. 157], [25] , and [26, Ch. VI]).
For each nonempty subset ∆ of prime ideals of D, set F (∆) := {I ideal of D | I ⊆ P for each P ∈ ∆} . It is easy to verify that F (∆) is a localizing system of D [8, Proposition 5.1.4]. If P is a prime ideal of D, we denote simply by F (P ) the localizing system F ({P }). It is obvious that F (∆) = {F (P ) | P ∈ ∆} . A spectral localizing system is a localizing system F such that F = F (∆), for some subset ∆ of Spec(D). A localizing system of finite type is a localizing system F such that for each I ∈ F there exists a finitely generated ideal J ∈ F with J ⊆ I.
Let F be a localizing system of ideals of D. It is easy to see that, if I, J ∈ F, then IJ ∈ F, thus F is a multiplicative system of ideals and, inside the field of quotients K of D, it is possible to consider the generalized ring of fractions of D with respect to F , i.e.,
We collect in the following lemma the main properties of the localizing systems that we will need in the present paper (cf. [ ( The notion of quasi-Prüfer domain (i.e., integral domain with Prüfer integral closure) has a semistar operation analog introduced in [3] . The starting point of the present work is [3, Corollary 2.4] where it is shown that the t-quasi-Prüfer domains coincide with the UMt-domains (i.e., the integral domains such that each As a by-product of the techniques introduced here, we obtain a new interpretation of the Gabriel localizing systems of finite type. More precisely, we give an explicit natural bijection between the set of localizing systems of finite type F on an integral domain D and the set of extended saturated multiplicative sets S of
Stable semistar operations and polynomial rings
Let D be an integral domain with quotient field K, and let X be an indeterminate over K. For each polynomial f ∈ K[X], we denote by c D (f ) (or, simply, c(f )) the content on D of the polynomial f , i.e., the (fractional) ideal of D generated by the coefficients of f .
Let ⋆ be a semistar operation on D, if 
Furthermore, the stable semistar operation of finite type ⋆ on D, canonically associated to ⋆, has the following representation:
More generally, let R be an overring of D. We say that R is t-linked to (D, ⋆) if, for each nonzero finitely generated ideal I of D,
Let ι : D ֒→ R be the canonical embedding of D in its overring R. If R is a t-linked overring to (D, ⋆) then ( ⋆) ι is a stable (semi)star operation of finite type on R and 
It is clear that S ♯ is a saturated multiplicative set of D[X] and that S ♯ contains the saturation of S, i.e.
obviously, ∆(S) = ∆(S ♯ ). Let ∇ := ∇(S) be the set of the maximal elements of ∆(S). 
In particular, S coincides with the spectral semistar operation ⋆ ∇(S) , i.e., Proof. For the simplicity of notation, set * :
(c) We have already observed (in the proof of (b)) that S ⊆ N * . Since the multiplicative set N * coincides with
Since * is a semistar operation of finite type, we can find a quasi- * -maximal ideal P in D contaning Q * ∩ D and hence also containing Q. Therefore g ∈ P [X], contradicting the assumption that g ∈ N * . Finally, using (b), we have S = S = * = N * = (f) Suppose that * ′ is a (semi)star operation on D, and let g ∈ S. {F (P ) | P ∈ ∆(S)}, where F (P ) := {I | I is an ideal of D, I ⊆ P }. The map defined by F → S(F ) is a bijection, having as inverse the map defined by S → F (S). As a matter of fact, given a localizing systems of finite type F on D, then ∆(S(F )) = ∆(F ) and thus F = F (S(F )), since for a localizing system of finite type we have F = {F (P ) | P ∈ ∆(F )} [8, Lemma 5.1.5 (2)]. Conversely, given an extended saturated multiplicative set S of D[X], then it is easy to see that ∆(S) ⊆ ∆ (F (S) ). On the other hand, if Q ∈ ∆(F (S)), then Q ∈ F (S) and so Q ∈ F(P ), i.e., Q ⊆ P , for some P ∈ ∆(S), hence Q[X] ∩ S = ∅, i.e., Q ∈ ∆(S).
, the last statement follows by observing that F coincides with
The notion of quasi-Prüfer domain has a semistar analog introduced in [3] . In the next theorem and in the subsequent corollary we give a satistactory answer to the previous question, using the techniques introduced in Theorem 2.1. (i)⇒(ii) Since we know already that (i)⇔(iii), in the present situation we have 
and D is a Prüfer ⋆-multiplication domain (for short, P⋆MD) if every nonzero finitely generated (integral) ideal of D is ⋆ f -invertible (cf. for instance [9] 
